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Abstract 

The purpose of the present article is to obtain the condition that 
the function defined by infinite composition of entire functions be- 
comes an entire function. Moreover, as an example of such functions, 
we study a function called Poincare function. 

1 Introduction 

It seems that there are no article studying infinite composition of functions 
with a similar purpose to this article. In order to state our theorem, we 
require the following notation. 

Definition 1.1 Let f o g be the composition of functions f and g, that is, 

(fog)(z) := f(g(z)). 

We denote (f o g)(z) by f(z) o g[z) for convenience of expression. 
For example 

(z+ 1) o (z + 2) = z + 3. 



Definition 1.2 Given integers d,N with N > d, define 

N 

H fn(z) : = f d (z) o f d+1 (z) o f d+2 (z) o ■ • • o f N (z) 

n=d 
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Some important functions, such as sinz, e z , are expressed by infinite compo- 
sition of polynomials as follows: 

Proposition 1.1 For any z e C, we have 



These equalities are proved in Section 3. From the equalities above, we expect 
that there are remarkable functions defined by infinite composition of entire 
functions. Thus it is significant to study the convergence of 

oo N 

K fn{z) = Jim U f n {z) = fi(z) o f 2 ( z ) o • • • , where f n (z) is entire. 

n=l JV^oo n =l 

Our main purpose is to prove the following theorem. 

Theorem 1.1 Let c n>r (n — 1, 2, . . . , r — 2, 3, . . .) be complex numbers such 
that 



sm 




n 



) 




r=2 



are entire functions. We set 



n 



r=2,3,4,- 



max ] c. 



■n,r 




Suppose that the series 



n=l 



is convergent. Then the sequence of functions 



n=l n=l 



n f n (z) = TZ (z + C n , 2 Z 2 + C n , 3 Z 3 + • • • + C n , p Z P + ■■■) 
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is uniformly convergent on arbitrary closed disk. In particular, the limit 
function 

oo oo 

11 fn(z) = K [Z + C n , 2 Z 2 + C n ^Z 6 + ■■■ + C nyp Z P +■■■) 
n=l n=l 

N 

= lim TZ (z + Cn t2 z 2 + c nt3 z 3 H h Cn tP z p H ) 

N->oo n=l 

is entire. 

Considering the case where f n (z) is a polynomial of degree 2, we obtain the 
following. 

Corollary 1.1 Let {c n }^ 1 be a sequence of complex numbers such that 

oo 

71=1 

is convergent. Then the function 

K (z + c n z 2 ) = lim K (z + c n z 2 ) 

n=l ' N^oo n =l ' 

is uniformly convergent on every compact subset ofC, and it defines an entire 
function. 

Example 1.1 The infinite composition 

oo / Z 3\ 

K [z + -r] 

n=l \ n 6 J 

is an entire function. Indeed, for c„ i3 = n~ 3 , the series kn^l 1 ^ 2 = 

Y^=\ n~ 3 / 2 is convergent. 

Example 1.2 Let s be a complex number with \s\ > 1. Then the infinite 
composition 

oo / Z 2 \ 

is an entire function. Indeed, for c n> 2 = s~ n , the series Y^=i \ c n,2\ = J2^=i \ s \~ 
is convergent. This function is studied in Section 3. 
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We now introduce Poincare functions. (For more details, see pQ.) The mero- 
morphic functions f(z) satisfying the following functional equation are called 
Poincare functions 

f(sz) = h(f(z)), 

where s is a complex number with \s\ > 1, and h(z) is a rational function. 
The function F(z) in Example 2 satisfies 

F(sz) = sF(z) + sF(zf 

(see Section 3). Thus the function F(z) can be regarded as a Poincare func- 
tion. Poincare functions have been studied by some mathematicians (pQ, [2J, 
[3], [5]). However it seems that the expression of Poincare functions by TZ is 
not known. 



2 Proof of Theorem 11.1 

In this section we shall give a proof of Theorem 11.11 First we define 
Definition 2.1 For any analytic function 



f{z) = J2a n z n , 



n=0 



oo 

'a n \z n . 



we define 

/<*) = E 

n=0 

Second, we prove lemmas needed later. 
Lemma 2.1 Let 

f(z) := z + J2a n z n , g(z) := z + J^b 



oo oo 
n=2 n=2 



be entire functions. Then for every z £ C, 



fog{\z\) < f(g(\z\)), (1) 
\f(z)-z\ < f(\z\)-\z\. (2) 
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Proof. We first prove ([T]). There exists complex number H n , which depends 
on a 2 , . . . , a n , b 2 , ■ ■ ■ , b n , such that 

oo 

, 03, . . . , a n , b 2 , 63, ... , b n )z n . 

n=2 

The inequality 

|#n(a 2 ,03, • • -,a n ,b 2 ,b 3 , . . .,b n )\ < H n (\a 2 \, \a 3 \, \a n \, \b 2 \, \b 3 \, \b n \) 
yields 

00 

T°g{\A) < \A +^ J ff„(|a2|,|a 3 |,...,|a n |,|62|,|63|,...,|6„|)|z| n 

n=2 

= f(9(\z\)). 

Inequality fl2]) is immediate. □ 

Lemma 2.2 Let d be an integer and let c n , r (n = d, d + 1, . . . , r = 2, 3, . . .) 

be complex numbers such that 

00 

/ri(^) • Z ^ Cn,rZ 
r=2 

are entire functions for all n > d. We set 

F m (z) := n fn(z). 

n=d 

Then, for any z G C and any integer m > d , 

F m {\z\) < K fn(z))o\z\, (3) 



n=d 



m I m -~ \ 

Tlfn(z)-Z\ < K fn{z))o\z\-\z\, (4) 
i=d \n=d J 

I U fn(z)\ < Tl fn(z))o\z\. (5) 
n=d \n=d J 



Proof. We first prove ([3]) by induction on m. If m = d, then inequality 
03]) immediately follows. Next we suppose that (JH]) holds for m(> d). Then 
combining ([1]) in Lemma 12.11 and the inductive assumption yields 

iCi(M) <i^C/Q(M)) < ( S /nW) o| Z |oQ|2|) = Pfc^Cs) ) O |^| 

yn=(i J \n=d J 

This completes the proof of ([3]) • Next we shall prove (j3j). 

m 

ft./n(z)-*| < F m (|s|)-|*l ( ([2D in LemmsEl]) 

< ( K fn{z) J o |z| - |z| (© in LemmfQ. 



n=d 



This completes the proof of (j3J. Finally, inequality (J5J) follows from the 
triangle inequality and @. □ 



Lemma 2.3 Let ti 6e integer and let c n>r (n — d, d + 1, . . . , r — 2, 3, . . .) fee 

complex numbers such that 



fn(z) := z + Y^ 



<x> 



r=2 

are entire functions. Suppose that 

C n := max {|c njJ ,|~} > for all n> d 

Then, for \z\ < 1/ Yln=d an d for any integer m, d with m> d, 

m ^ \ 
K f n {z) \o\z\< 



n=d 





\z\ 




1 - 


z\ 


l^n=d u " 



Proof. We shall prove this by induction on m. Let m = d. It follows from 
lead < C £~ X that, for \z\ < 1/C d , 



fd(\z\) = (z + \c dt2 \z 2 + \c di3 \z 3 -\ h\c d , p \z p -\ ) o 1^1 

< \z\ + C d \z\ 2 + C d 2 \z\ 3 + ■■■ + C d p - l \zV> + ■■■ 





z\ 




1 - 


c d \ 


z\ 



Next suppose that the statement of Lemma [2.31 is valid if m = N (N > d). 
Noting 

1 1 1 
< = < 



we have, for \z\ < (%2 n =d C n) 1 , 



f N+ x(\z\) = \z\ + \c N+lt2 \\z\ 2 + \c N+lt3 \\z\ 3 ^ \- \c N+1 J\z\ p + ■ 

< \z\ + C N+1 \z\ 2 + C N+1 2 \z\ 3 + ■■■ + Cn^- 1 ^ + ■ ■ 





z\ 




1 — CWi 


z\ 



(6) 



Therefore we have 



/N+l 

WM) < 7—P ■ ■ for \z\ < [J2 Cn ) • (7) 





z\ 




1 — CWi 


z\ 



\n=d 



Now we set g(z) — z/(l — Cn + iz). Then g(z) is steadily increasing for < 
z < 1/Cjv+i- Noting this and 



1 1 

< 



we obtain, for \z\ < 1/ J2n=d C n , 

z z ! 
° \z\ < - — o 



1 1 



EN+1 sr^-N /~i 

n=d °« ~ ^N+l l^n=d °n 

Combining this with (J7J) yields 



(8) 



1 ( N+1 \ ~* 

—- for i*i < nroj 

=d L 'n \n=d J 



/W+l(M) < " JV 
Z_m: 

Hence we can use the inductive assumption as follows: 
For M < 



N 



) f N+ l(\z\) < - ^ N - f N+1 (\z\). (9) 
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We set h(z) = z/{l - zJ2n=d C n)- Then h{z) is steadily increasing for < 
z < 1/ ^2 n= dC n . Besides, it follows from dSJ) and (JS} that 

WM) < : if 1 , , < ' 



for |z| < fX/^d ^n) • F rom these, inequality ((9]) is rewritten as 



/at+i 

( TZjn(z))o\z\< ^ _ N 



\ n=d 





z\ 




1 — Cn+i\ 


z\ 



for | z | < fX/n^d ■ Simplifying the right hand side, we have 

f n+i - \ z 

K fn(z))o\z\<- o| g j 



for |z| < 1/ X^n^d 1 Hence the induction is complete. □ 

Lemma 2.4 Let d be integer and let c n . r (n — d, d + 1, . . . , r = 2, 3, . . .) fee 

complex numbers such that 

oo 

r 



f n (z) := z + J^c n 



r=2 



are entire functions. Let C n be the constant given in Lemma \2.3[ and let 
C n > for every positive integer n. Suppose further that a := X)n=i ^ s 
convergent. Moreover we set 



N 

F N (z) : = K /„(*). 

71=1 



Then, for \z\ < l/(4a) and an?/ integers N,M with N > M > 1, 



Proof. We set 



1 N 

\F N (z) - F M (z)\ < — V C n . 

cr 

n=M+l 



N 

V(z) : = K fn(z). 

n=M+l 



TZ fn(z) O K fn(z) - TZ fn(z) 
n=l n=M+l n=l 



Our task is to estimate \F N (z) — F M (z)\. First note that 

\F N (z) - F M (z)\ = 

= \F M (y(z))-F M (z)\. 

To estimate the last expression, we show that 

1 1 

\y{z)\ < — for \z\ < 
6a 



Since 



< 



4a 
1 



4« 4Er =1 C^^ M+lCn ' 



(10) 



(11) 



we can use Lemma [2.31 with m = N, d = M + 1 as follows: For \z\ < l/(4a), 



N 



\y(z)\ < TZ f n (z))o\z\ (© in Lemma Q 

\n=M+l 



< 



< 



1 \ Z \J2n=M+l ( ~'n 

l/(4a) 



4a ^n= 



M+l 



< 



(Lemma 12.3 j) 

1 _ 1 

4a-J2n=i C n 3a' 



Hence we obtain ffTUj) . Next, let 7 be a circle with center and radius 1 / (2a). 
For \z\ < l/(4a), we can use Cauchy's theorem as follows: 



\F N {z) - F M (z)\ = \F M {y(z)) - F M (z)\ 



< 



< 



1 

1 



f m (C) f m (() 



C-y(z) (-z 
\y{z) - z\\F M (C)\ 



(note : \y(z)\ < — ) 
6a 



27r7 7 \(-y( Z )\\(- Z \ 

1 \y(z) - z\ max K|= _L \F M {()\ 
2a 



;)(• 

tax 



V 2a 3a > v 2a 4a / 

12a|y(z) - z| max |F M (C)|. 



(12) 
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We first estimate \y(z) — z\. For \z\ < l/(4a), 

\y(z)-z\ < ( K fJz))o\z\-\z\ (©in Lemma[2J2]) 

\n=M+l J 

\z\ 

< jj \z\ (Lemma 12.31 (note ffTTj) 

1 ~~ M En=M+l C n 

H Z^n=A/+l 

1 I ^ I E n =M+l ^ 

AT , N 

! I 

< 



— — ^ Lj— Cn=^7 C n - (13) 

4a n=M+l n=M+l 

Next we shall estimate maxi f i = i |/m(C)I- For |z| < l/(4a), 

/ M - \ 1 

max F M (C | < K f n (z) o — © in Lemma Q 



(14) 



< ^j— (Lemm£(23D 

1 — 

1 

a 

From (|T2D, (USD, and flim, we deduce that 

1 - 1 

\F N (z) - F M (z)\ < — °n for \z\<—. 

n=M+l 

This completes the proof of the lemma. □ 
Proof of Theorem We apply the same notation as in Lemma 12.41 Now 
we consider two cases. 

Case 1 Suppose that there exists a number m such that C n = for all 
n > m. 

Then for all N > m, 

N m-1 N m—1 

F N (z) = K f n (z) = K f n (z) o n fn(z) = K f n (z). 

n=l n=l n=m n=l 

Accordingly, in this case, the theorem is true. 

Case 2 Suppose that C n > for infinitely many n. If there are numbers 
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n such that C n = 0, then we can ignore them. Because C n = means 
f n (z) = z, and z is the unit element of composition. Hence we can suppose 
without loss of generality that C n > for every positive integer n. 
From now on, we change the assumption of Theorem 11.11 into 

C n > for all n, 

and we shall prove the theorem. 

Let ri > be any real number. Then it is sufficient to prove that 

m 

F m {z) = K f n (z) 



71=1 



is uniformly convergent for \z\ < r%. 
From Lemma 12.41 we have 



N 1 

F N (z) = TZ f n {z) is uniformly convergent on \z\ < ——. 
n=i Act 

In the same way, let a m := Y^L m ^n, we have 

N 1 

TZ f n {z) is uniformly convergent on \z\ < . 

n=m 4tt m 

From the assumption, the series a = Y2^=i C n is convergent, and hence, for 
any r\ > 0, there exists positive integer mi such that 

oo 1 1 
a m . = > C n < — namely ri < . (15) 

n=mi 1 

Therefore we find that for any r\ > 0, there exists number mi > 1 such that 

N 

TZ f n (z) is uniformly convergent on \z\ < r\. 

n=m\ 

Since the function 1Z™=\ 1 f n { z ) is an entire function, we deduce that for any 
ri > 0, 

mi-l AT 

F N (z) = TZ f n {z)o TZ f n {z) is uniformly convergent on \z\ <r x 

n=l n=m\ 
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(see Remark below). Since r x > is an arbitrary real number and {F m (z)} 
is a sequence of entire functions, the limit function 

oo 

lim F N (z) = K fn(z) 

V->oo n=l 

is also an entire function of z. 

Remark : Let p(z) be an entire function, and let {F m (z)}™ =1 be a sequence 
of entire functions. Suppose that F m (z) is uniformly convergent for \z\ < r 2 . 
Then p(z) o F m (z) = p(F m (z)) is uniformly convergent for \z\ < r 2 . □ 

3 Proof of Proposition 11.1 

In this section, we give a proof of Proposition 11.11 We first prove some 
lemmas. 

Lemma 3.1 We set 

hi(z) = ^(e 22 -l), h 2 {z) = sin ^ + |J - i, h 3 (z) = (sinh^) 2 . 
Then 



hi(2z) 


= 2{h l {z) + h l {zf), 




= 0, 


K(o) 


= i 


h 2 {-2z) 


= -2(h 2 (z) + h 2 (z) 2 ), 


h 2 (0) 


= o, 


K(o) 


= i 


h 3 (Az) 


= A(h 3 (z) + h(z) 2 ), 


hs(0) 


= 0, 


K(o) 


= i 



Proof. The lemma follows from elementary calculations. □ 

Lemma 3.2 Let s be a fixed complex number with \s\ > 1. Suppose that an 
entire function f (z) satisfies 

f(sz) = s(f(z) + f(zf), 

f(0) = 0, and f (0) = 1. Then 

N ( z 2 \ 

f(z)= lim n [z + -\. 
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Hence the function satisfying the above condition is uniquely determined. A 
generalization of this statement is known (It has been shown in J3J pp66-68] 
that the inverse function of f(z) is uniquely determined ). To prove Lemma 
I3.2[ we require the following lemma. 

Lemma 3.3 Suppose that the functions p n (z) , q n (z) , n = 1,2,3, .. . are entire 
functions. Suppose further that 

p n {z) is uniformly convergent to p(z) on every compact subset of C, 

and 

lim q n (z) = q(z) 

exists and becomes entire function. Then for each z £ C, we have 

lim p n {q n {z)) = p{q{z)). 

n— >oo 

Proof. The lemma follows from 

\p(q(z)) -p n (q n (z))\ < \p(q(z)) - p(q n (z)) \ + \p(q n (z)) - p n (q n (z))\. 

Proof of Lemma \3.2[ Let \s\ > 1. It follows from the assumption that f(z) 
can be written as in the form 

oo 

f(z) = z + J2^(s)z n } (16) 

n=2 

and satisfies 

f(z) = s(z + z*)ofQ. 
We repeatedly use the relation as follows: 
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Hence we deduce 

™ = ('f (id)} ■ (17 » 

From (116p . we have 

lim s N f ( — jr ) = 2 for every 2 G C. (18) 

Since T^^Li (z + ^\ is convergent on every compact subset of C from The- 
orem [EH combining Equation (fl8l) . Equation ( fTfl) . and Lemma [331 yields 

AT / z 2 

f(z) = lim U [z + — 

□ 

Proof of Proposition [Ll\ The proposition follows by Lemma I3TT1 and Lemma 
[3721 □ 
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